In this paper, we investigate the growth of some functions that share functions with their derivative of higher order. The first main theorem is an improvement of the result obtained by Lü (Bull. Korean Math. Soc. 48: 951-957, 2011), two examples are given to show that the conclusion is sharp. The second main theorem is of estimating, more exactly, the order of an entire function sharing polynomial, which extends the related result of Lü, Xu and Chen (Arch. Math. 92: 593-601, 2009). MSC: 30D35; 30D45
Introduction and main results
In this paper, a meromorphic function always means meromorphic in the whole complex plane. We assume that the reader is familiar with the basic notions of Nevanlinna theory. In the Nevanlinna theory, the order and the hyper-order of a meromorphic function are two important concepts. So, it is meaningful to discuss the properties of the order and the hyper-order for a meromorphic function. Let us recall the definitions of the order and the hyper-order of a meromorphic function f , which are respectively defined as (see [] ) ρ(f ) = lim sup r→∞ log T(r, f ) log r = lim sup r→∞ log log M(r, f ) log r , σ (f ) = lim sup r→∞ log log T(r, f ) log r = lim sup r→∞ log log log M(r, f ) log r .
In addition, we say that two meromorphic functions f (z) and g(z) share a finite value a IM (ignoring multiplicities) when f (z) -a and g(z) -a have the same zeros. And we say that f (z) and g(z) share a finite value a CM (counting multiplicities) when f (z) -a and g(z) -a have the same zeros counting multiplicities. deg P(z) denotes the degree of the polynomial
is a rational function (where P  (z) ≡  and P  (z), P  (z) are two coprime polynomials), then we indicate deg R(z) = max{deg P  (z), deg P  (z)} to denote the degree of the rational function.
The subject on sharing values between entire functions and their derivatives was first studied by Rubel and Yang [] . In , they proved the result that if a nonconstant entire function f and its first derivative f share two distinct finite numbers a, b CM, then f ≡ f . Since then, shared value problems have been studied by many authors and a number of profound results have been obtained (see, e.g., [, ] Since then, to study properties of the exponent of convergence, the order and the hyperorder for the solutions of some differential equations becomes a hot topic and is discussed by many experts.
In , Li and Gao [] deduced the following result.
Theorem B Let Q  and Q  be two nonzero polynomials, and let P be a polynomial. If f is a nonconstant solution of the equation 
Remark  The following examples show that the conclusion σ (f ) ≤ ρ(γ ) is sharp.
Example  Let f (z) = Ae z , where A is a nonzero constant. Let α(z) = e e z +z  . Noting that
Thus, σ (f ) =  < σ (α) = . http://www.advancesindifferenceequations.com/content/2013/1/192
Remark  If γ is a polynomial, then the above condition obviously holds.
Remark  In Theorem ., if the order of γ is zero, for example, γ is a polynomial, then σ (f ) = .
In , Lü, Xu and Chen [] obtained the following result.
Theorem D Let f (z) be a nonconstant meromorphic function with finitely many poles, and let Q
In this paper, we get the following results which improve Theorem D.
Theorem . Let f (z) be a nonconstant meromorphic function with finitely many poles, and let Q
are rational functions. 
Corollary . Let f (z) be a nonconstant entire function and let Q
for some nonzero constant c. http://www.advancesindifferenceequations.com/content/2013/1/192
Some lemmas
In order to prove our theorems, we need the following lemmas.
Lemma . []
Let F be a family of meromorphic functions in the unit disc with the property that for each f (z) ∈ F , all zeros of f (z) have multiplicity at least k + . If k is a positive integer and a n → a, |a| <  and f n (a n ) → ∞, there exist . a subsequence of functions f n ∈ F (also denoted by f n ); . a sequence of complex numbers
here M, n are respective positive numbers.
With a similar method to that in [, Lemma ], we obtain the following Lemma ., which plays an important part in the proof of Theorem .. For the sake of convenience, the detailed proof will be given after Lemma ..
Lemma . Let f be a meromorphic function of hyper-order
Proof On the contrary, there exist >  and R >  such that < σ (f ) and for all z, |z| ≥ R satisfying f (z) ≤ e |z| σ (f )-. Thus,
By the definition of Ahlfors characteristic of f , we have
Then the hyper-order of f is
a contradiction. Thus, the proof is completed. zero of f - is of order at most k, and
for any >  and large enough r, and
Remark  There exist some mistakes in Theorem . and its proof and the proof of Theorem . in [], we will correct them in another paper.
Lemma . [] Let f be a meromorphic function and k
≥  be positive. Then N r,  f (k) ≤ N r,  f + kN(r, f ) + S(r, f ).
Lemma . [] Let f (z) be a meromorphic function in the complex plane, ρ(f ) > , then for each
, there exist points a n → ∞ (n → ∞) such that Noting that α = Re γ , we have σ (α) = ρ(γ ), and then we just need to prove σ (f ) ≤ ρ(γ ).
Lemma . [] Let f (z) be an entire function in the complex plane, ρ(f ) > , then for each
On the contrary, suppose that σ
, by Lemma ., there exists a sequence w n → ∞ as n → ∞ such that
In view of w n → ∞ as n → ∞, without loss of generality, we may assume that |w n | ≥ r + for all n. Define D  = {z : |z| < } and
Then all F n (z) are holomorphic in D  . Thus, we structure a family of holomorphic functions (F n ) n . Moreover,
It follows from Marty's criterion that (F n ) n is not normal at z = . http://www.advancesindifferenceequations.com/content/2013/1/192
Therefore, applying Lemma . with α = k and choosing an appropriate subsequence of (F n ) n if necessary, we may assume that there exist sequences (z n ) n ∈ D  and (ρ n ) n such that ρ n →  and
locally uniformly in C, where g is a nonconstant entire function of order at most , all zeros of g have multiplicity at least k + , and
for a positive number M. We claim that
locally uniformly in C. Obviously, the claim is correct if l = . Next, we will prove that the claim holds by mathematical induction. We may assume that (.) holds for l = s,  ≤ s < k, and then
Now we will prove that (.) still holds for l = s + . Differentiating (.), we deduce
In view of the definition of order, we have
where A is a positive constant and q is an integer. Noting that  < < 
as n → ∞. By (.) and (.), we obtain
Now, if g (k) (ζ ) ≡ , then we obtain that g(ζ ) is a polynomial of degree at most k. It contradicts with all zeros of g having multiplicity at least k + . Suppose that g (k) (ζ  ) = , then by Hurwitz's theorem there exist ζ n , ζ n → ζ  such that (for sufficiently large n)
Next, by the famous Hayman inequality for g(ζ ), it is easy to obtain contradiction. Hence, we complete the proof of Theorem ..
Proof of Theorem 1.2
Let H = f -Q  , then we have
, there exist w n → ∞ such that for n → ∞,
Since P is a polynomial, we know that for any > , there exists an r  >  such that
for all z ∈ C satisfying |z| ≥ r  . Note that f (z) has only finitely many poles, hence H(z) has only finitely many poles. Thus, there is an r  >  such that H(z) is holomorphic in |z| ≥ r  . Let r = max{r  , r  } and D = {z : |z| ≥ r}, then F is holomorphic in D. Without loss of generality, we may assume that |w n | ≥ r +  for all n. We define D  = {z : |z| < } and
Then all F n (z) are holomorphic in D  and F n () = F (w n ) → ∞ as n → ∞. It follows from Marty's criterion that (F n ) n is not normal at z = . Therefore, by using Lemma . and choosing an appropriate subsequence of (F n ) n if necessary, we may assume that there exist sequences (z n ) n and (ρ n ) n with |z n | < r <  and ρ n →  such that the sequences (g n ) n are defined by
locally uniformly in C with a nonconstant entire function g and
, then from (.) and | P (w n +z n +ρ n ζ ) P(w n +z n +ρ n ζ )
| <  as n → ∞, we get
locally uniformly in C.
Suppose that g(ζ  ) = , then by Hurwitz's theorem there exist ζ n , ζ n → ζ  such that (for n sufficiently large) g n (ζ n ) = H(w n + z n + ρ n ζ n ) P(w n + z n + ρ n ζ n ) = .
By the assumption of Theorem ., we have H (w n + z n + ρ n ζ n ) = P  (w n + z n + ρ n ζ n ). ρ n H (w n + z n + ρ n ζ n ) P(w n + z n + ρ n ζ n ) = lim n→∞ ρ n P  (w n + z n + ρ n ζ n ) P(w n + z n + ρ n ζ n ) = .
Thus g(ζ ) =  ⇒ g (ζ ) = , which yields that the zeros of g - are of multiplicity at least . Similarly, we can prove that the zeros of g are of multiplicity at least . Noting that Q  (z) ≡ Q  (z), without loss of generality, we assume that Q  (z) ≡ . Next, we shall prove that g(ζ ) = . Suppose that ξ  is a zero of g(ζ ) with multiplicity m (≥ ), then g 
